In this paper, the semi-analytical/numerical technique known as the homotopy analysis method (HAM ) is employed to derive solutions for the laminar axisymmetric mixed convection boundary-layer nanofluid flow past a vertical cylinder. The similarity solutions are employed to transform the parabolic partial differential conservation equations into system of nonlinear, coupled ordinary differential equations, subject to appropriate boundary conditions. A comparison has been done to verify the obtained results with the purely numerical results of Grosan and Pop (2011) with excellent correlation achieved. The effects of nanoparticle volume fraction, curvature parameter and mixed convection or buoyancy parameter on the dimensionless velocity and temperature distributions, skin friction and wall temperature gradients are illustrated graphically. HAM is found to demonstrate excellent potential for simulating nanofluid dynamics problems. Applications of the study include materials processing and also thermal enhancement of energy systems.
θ -dimensionless temperature ρ -density τ w -wall skin friction ψ -streamline function Subscripts f -fluid nf -nanofluid s -solid w -wall
Introduction
The enhancement in thermal conductivity of conventional fluids via suspensions of solid particles is a modern development in engineering technology aimed at increasing the coefficient of heat transfer. The thermal conductivity of solid metals is higher than the base fluids, so the suspended particles are able to increase the thermal conductivity and heat transfer performance. Choi and Eastman [1] were probably the first researchers to combine a mixture of nanoparticles and base fluid, which they subsequently termed a nanofluid. Experimental results [2] [3] [4] [5] [6] [7] have illustrated that the thermal conductivity of nanofluid can be increased between 10-50% via introduction of a small volume fraction of nanoparticles. Nanofluidsoffer many diverse advantages in industrial application such as microelectronics, fuel cell, nuclear reactors, biomedicine and transportation, many of which have been reviewed by Wang and Leon [8] . Hwang et al. [9] measured the thermal conductivities of various nanofluids and showed that the volume fraction of suspended particle is the effective parameter in enhancing the thermal conductivity. Several numerical studies of nanofluids dynamics have been reported including laminar mixed convection inside horizontal and inclined tubes in which the nanofluid is simulated as a single phase homogeneous mixtures [10, 11] .
Most nonlinear equations, which are used to describe physical systems in the form of mathematical modeling, do not yield exact solutions. One can solve these nonlinear equations by using numerical or analytical methods. Semi-analytical methods offer certain advantages in comparison with the numerical methods, and one such technique, the Homotopy analysis method (HAM) is used in the present investigation to solve nonlinear differential equations. HAM was introduced into applied mathematics by Liao [12] [13] [14] [15] and
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employed successfully to produce a general analytic solution strategy for nonlinear problems. HAM has further been employed in other nonlinear problems [16] [17] [18] [19] , confirming the validity of this method. HAM has also been employed recently used to solve some of nonlinear problems in nanofluid dynamics. Interesting investigations in this regard include Mustafa et al. [20] who studied the steady boundary-layer flow and heat transfer near the stagnation-point of a nanofluid towards a stretching sheet. Bég and Tripathi [21] examined the peristaltic propulsion of nanofluids in channels using the Buongiornio formulation and Mathematica software. Hassani et al.
[22] investigated thermo-convective boundary-layer flow of a nanofluid past a stretching sheet. Bég et al. [23] studied Brownian motion and thermophoretic effects on mixed convection of nanofluids in porous media using an optimized finite difference scheme. Rana et al. [24] recently presented the first finite element simulation of nanofluid convection from an inclined surface with applications in solar energy collector systems.
In the present article, we derive semi-analytical solutions for axisymmetric laminar mixed convection boundary-layer flow past a vertical cylinder in a nanofluid with HAM. Newtonian thermal boundary layers along a vertical cylinder were investigated for a viscous fluid (ϕ = 0, regular fluid) by Mahmood and Merkin [25] . More recently this problem was extended to a nanofluid by Grosan and Pop [26] numerically. Similarity transformations are employed to render the nonlinear dimensional partial differential boundary layer equations into set of ordinary differential equations, which are solved with HAM. In the current study, we study in detail the influence of nanoparticle volume fraction, curvature parameter and mixed convection (buoyancy) parameter on the dimensionless velocity and temperature profiles, skin frictions and wall temperature gradients.
Mathematical model
In this article, we assume the steady axisymmetric mixed convection boundarylayer flow along a vertical circular cylinder of radius a immersed in a nanofluid. It is supposed that the mainstream velocity is U (x), the temperature of the cylinder is T w (x) and the temperature of the ambient nanofluid is T ∞ . According to these assumptions and using the Tiwari-Das nanofluid model [27] , the governing conservation equations take the form [26] :
where x and r are the Cartesian coordinates measured in the axial and radial directions, u and v are the velocity components along x and r directions, respectively. The boundary conditions are prescribed as follows:
The viscosity µ nf , the thermal diffusivity α nf and the thermal conductivity k nf of the nanofluid are defined following Oztop and Abu-Nada [28] as:
where (ρC p ) nf is the heat capacitance of the nanofluid. The expression of µ nf is in accordance with the model proposed by Brinkman [29] . Equation (5) is confined to the case of spherical nanoparticles and therefore other geometrical configurations of nanoparticles are not considered in this model. The thermophysical properties of the base fluid (water) and nanoparticles (Cu) are presented in Table 1 [28] . Proceeding with analysis, following Grosan and Pop [26] , we adopt similarity transformations for eqs. (1)-(3) subject to the boundary conditions (4), in the form: 
where ψ is the dimensional stream function in which u = (1/r)∂ψ/dr and v = −(1/r)∂ψ/dx Implementing transformations (6) in (2) and (3), continuity is satisfied and the resulting pair of nonlinear ordinary differential equations is generated:
1 Pr
The transformed boundary conditions now take the form:
where Pr = ν f /a f is the Prandtl number, λ = Gr/R e 2 is the mixed
is the curvature parameter and primes denote to differentiation with respect to η.
is the Grashof number and Re = U ∞ l/v f is the Reynolds number. It is pertinent to note that λ < 0 corresponds to a cooled cylinder (opposing flow), λ = 0 corresponds to forced convection flow (T w = T ∞ ) and λ > 0 corresponds to a heated cylinder (assisting flow).
The skin friction coefficient C f and the Nusselt number N u are also engineering parameters of interest and are introduced as:
where τ w = µ nf (∂u/dr) r=a is the skin friction or the shear stress at the surface of the cylinder and
r=a is the heat flux from the surface of the cylinder. By substituting (5) into (10) and according to the above definitions, we arrive [26] at the following expressions:
HAM semi-analytical solutions
According to the boundary conditions (9), we select theappropriate initial approximations (for more details, see [12] ) as follows:
The auxiliary linear operators ℓ 1 (f ) and ℓ 2 (θ) are chosen as:
with the following properties:
where c i , i = 1 − 5, are the arbitrary constants. Due to Eqs. (7)- (8) 
The zero-order deformation equations are composed as:
subject to the boundary conditions:
For p ∈ [0, 1] , we obtain
We emphasize that when p increases from 0 to 1,f (η; p) andθ (η; p) vary from f 0 (η) and θ 0 (η) to f (η) and θ (η) . By Taylor's theorem, finally, we have:f
where
The convergence of the series (24)- (25) strongly depends on the auxiliary parameter [12] . Considering that is selected such that the above series are convergent at p = 1, then due to Eq.(23) we obtain:
The m th -order deformation equations are produced by differentiating Eqs. (20)- (21) m times with respect to p, and subsequently dividing by m! in p = 0, The results now become: 
and
with the following boundary conditions:
Finally, we select the followed auxiliary functions
The symbolic software MATHEMATICA is employed to solve the system of linear equations numerically i.e. Eqs. (29)- (30) with the boundary conditions (34), systematically, one after the other, in the order of m = 1,2,3...
Convergence of HAM
As expounded before, the convergence of the series of Eqs. (27)- (28) effectively depends on the auxiliary parameter. It is imperative to select a proper value of auxiliary parameter to control the rate of convergence of the approximation series -this is achieved with the assistance of the so-called − curve. It is evident that the valid regions of correspond to the straight line segments nearly parallel to the horizontal axis. This aspect has also been elucidated recently by Tripathi et al. [30] , Béget al. [31] and Rashidiet al. [32] 
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2.5 − k nf k f θ ′ (0) ϕ = 0 ϕ = 0.2 ϕ = 0 ϕ = 0
3.315332
Res f = 1
Results and discussion
In order to measure the accuracy of our results, we compare them with the purely numerical computations of Grosan and Pop [26] . Excellent correlation is observed in Fig.5 between the analytic results obtained by the 20 th -order approximation of HAM and numerical results of [26] . In our computations, we have considered a single geometry and material for the nanoparticle, namely Copper (spherical nano-particles), with water as the base fluid. The Prandtl number is prescribed as 6.2 (for water) [28] . The effects of nanoparticle volume fraction variations on the dimensionless velocity and temperature profiles for the case of forced convection flow (λ = 0) are displayed in Figs. 6-7. As the values of the nanoparticles in the base fluid increase, the momentum boundary-layer thickness increases. The boundary layer flow is concomitantly accelerated as observed by the elevation in f ′ (η) profiles. Velocity is clearly minimized for the purely base fluid case
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(ϕ = 0) . The presence of nano-particles is therefore beneficial to flow development along the cylinder in the buoyant regime. Figure 6 also demonstrates that with increasing curvature parameter (γ) , the flow is generally decelerated i.e. velocity function is reduced. In consistency with Mahmmod and Merkin [25] and also Grosan and Pop [26] , the flow is maximized for the vertical plate scenario (vanishing curvature of the cylinder i.e. γ = 0). For strong curvature of the vertical cylinder (γ = 5), the flow is decelerated, in particular at increasing values of η. By increasing the concentration of nanoparticles in the base fluid i.e. nano-particle volume fraction (ϕ), as elucidated earlier, there is also an increase the thermal conductivity and thismanifests with an enhancement in temperatures, as observed in figure 6 . Again we note that the purely base fluid (absence of nanoparticles (ϕ = 0) corresponds to the lowest value of temperature. Furthermore, we note temperature profiles converge faster in the case of a vertical plate (γ = 0) than the strong curvature vertical cylinder case (γ = 5) for all the values of the nano-particle volume fraction. The effect on magnitudes of temperature of an increase in curvature parameter is however opposite to the effect sustained by velocity profiles. For the vertical plate case (zero curvature), temperatures are significantly depressed further into the boundary layer regime (i.e. with increasing transverse coordinate, η), whereas with strong curvature they are enhanced.
Figs.8-9 illustrate the effects of curvature parameter (γ), on dimensionless velocity and temperature profiles for the case of a heated cylinder (assisted flow, λ > 0). The results show that there is a point near the cylinder wall where the velocity attains the same value for all values of the curvature parameter i.e. velocity (f ′ (η)) profiles converges asymptotically to this point. As indicated also in figure 6 , the effect of increasing curvature is to significantly decelerate the boundary layer flow i.e. reduce velocity magnitudes. This trend is quickly reached in close proximity to the cylinder surface. Figure 9 reveals that temperature (θ (η)) also decays to a location close to the cylinder wall as we progress into the boundary layer. However, with increasing curvature, temperatures are generally elevated and this will affect thermal boundary layer thickness very differently from momentum boundary layer thickness. The maximum temperatures correspond to maximum curvature parameter (γ = 5) and vice versa for the zero curvature scenario i.e. vertical plate, (γ = 0).
The effects of mixed convection parameter variations on the dimensionless velocity and temperature profiles are illustrated in Figs.10-11 . The changes in the mixed convection parameter consist of three physical cases: assisting flow (heated cylinder, λ > 0), opposing flow (cooled cylinder, λ < 0) and forced convection flow (λ = 0) . The results display that for increasing positive values of the mixed convection parameter, λ, the flow (fig 10) is strongly accelerated throughout the boundary layer i.e. for all distances transverse to the vertical cylinder. Conversely for increasingly negative values of λ, the flow is strongly decelerated. The parameter λ = Gr/Re 2 is directly proportional to Grashof number, Gr = gβ f ∆T l 3 /v 2 f and this dimensionless number embodies the relative effects of buoyancy force and viscous hydrodynamic force. For λ > 0,the flow is assisted by buoyancy forces which enhance the momentum boundary layer development and accelerate the flow. The converse effect is sustained for λ < 0 (where buoyancy force is reversed in direction and inhibits the flow-this leads to retardation in the flow and a plummet in velocities. Furthermore, we note that for any value of λ studied, the velocity profiles neither intersect nor do they attain negative values. Back flow i.e. reversal in flow is therefore never instigated in the boundary layer regime. The intermediate case of λ = 0, corresponds to vanishing buoyancy forces i.e. pure forced convection, and as expected the velocity profile for this scenario falls between that for assisted and opposed flow in Fig.10 . Fig.11 shows that increasing mixed convection parameter positively (i.e. λ > 0) induces the contrary effect on temperature compared with velocity. For λ > 0 temperatures are significantly depressed in the boundary-layer regime. This is attributable to the elevation in thermal conduction, which is associated with the cylinder surface being heated -thermal energy is drawn from the boundary layer and this manifests in a reduction in the temperatures inside the boundary layer. For λ < 0 the cylinder surface is cooled and as a result, thermal energy is transported via thermal conduction heat transfer into the boundary layer. This effectively accentuates temperatures in the boundary layer as witnessed in figure 11 . Buoyancy is therefore a key force influencing flow and heat transfer in the nanofluid. It is as influential as the nano-particle concentration effect, described earlier.
Figs.12-13 depict the distributions of wall skin friction coefficient f ′′ (0) and the wall Nusselt number θ ′ (0) for all the thermophysical parameters i.e. buoyancy parameter (λ), curvature parameter (γ) and nanoparticle volume fraction (ϕ). It can be seen that as the nanoparticle volume fraction, curvature parameter and mixed convection parameter increase, the wall skin friction coefficient increases. These parameters therefore clearly accelerate the flow along the cylinder surface, as elaborated earlier. The results also display that the magnitude of the wall Nusselt number increases, as the cur- In the case of skin friction profiles, the gradient of ascent is steeper however, for the base fluid(ϕ = 0) than for the nanofluid (ϕ = 0.2) and this trend is maintained for all values of curvature parameter. With regard to wall Nusselt number profiles, a similar response is observed-the gradients of the base fluid profiles are always greater than the corresponding profile for the nanofluid. However, the Nusselt number profiles are inclined less steeply than the skin friction profiles.
Conclusions
The semi-analytical/numerical technique known as HAM has been implemented to solve the transformed differential equations describing axisymmetric laminar mixed convection boundary-layer flow over a vertical cylinder in a nanofluid. The convergence of the HAM approach has been studied in detail. Benchmarking with previous numerical quadrature solutions has also been conducted. The effects of the three key thermophysicalparameters governing the flow i.e. nanoparticle volume fraction, curvature parameter and mixed convection (buoyancy) parameter on dimensionless velocity and temperature distributions, skin frictions and wall temperature gradients have been presented graphically and interpreted in detail. The present HAM computations agree closely with previous studies e.g. Grosan and Pop [26] . They further identify that velocity and temperature both increase, with a rise in nanoparticle concentrations i.e. with increasing nano-particle volume fraction. Increasing curvature parameter is found to decelerate the flow but to enhance temperatures. Increasing the mixed convection parameter positively serves to accelerate the flow but acts to decrease temperatures; conversely increasing negative values of mixed convection parameter effectively decelerates the flow but enhances nanofluid temperatures. With an elevation in nanoparticle volume fraction, curvature parameter and mixed convection parameter, the wall skin friction coefficient is strongly elevated. The magnitude of the wall Nusselt number is increased with increasing curvature parameter and mixed convection (buoyancy) parameter and decreasing nanoparticle volume fraction. The present study has considered steady flow only. Future investigations will study transient nanofluid convection flows and will be communicated imminently.
